
Identifiers

x ∈ TmVar (term variables)
α ∈ TyVar (type variables)
β ∈ SchemeVar (scheme variables)
γ ∈ AnnVar (annotation variables)
η ∈ L (annotation value)

Terms

k ::= K ν xi | x@(K ν xi)
c ::= k→ e
e ::= x | λν x → e

| e x | seq e1 e2

| let xi =ν,δ ei in e
| k | case x of ci

ec ::= e | c

Types

τ ::= α | @K | T νl τk | ρτ → φτ
σ ::= β | ∀ {α, γ} . C ⇒ τ
φµ ::= µν

ρµ ::= φµ
δ(also written as: µν,δ)

ν, δ ::= γ | η
Γ ::= ∅ | Γ, x : ρσ
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Generic analysis:
symbol definition
L P(N)
0 {0}
1 {1}
> N
⊥ ∅
x ⊕ y {m+ n|m ∈ x, n ∈ y}
x 	 y

⋂
n∈y{m− n|m ∈ x,m ≥ n}

x v y x ⊆ y
x t y x ∪ y
x · y {

∑m
i=1 ni|m ∈ x,∀i.ni ∈ y}

x . y
⋃
m∈x(m ≡ 0 ? 0 : y)

Using it as an sharing or strictness analysis:
x � y = x v y

Using it as an uniqueness analysis:
x � y = x ≡ y

Specializing an analysis:
Symbols with subscript g denote the generic version of the symbol. Requires a

specialized lattice L and the functions p : Lg → L and q : L → Lg .
symbol definition
0 p (0g)
1 p (1g)
> p (>g)
⊥ p (⊥g)
x ⊕ y p (q (x )⊕ q (y))
x 	 y p (q (x )	 q (y))
x v y q (x ) v q (y)
x t y p (q (x ) t q (y))
x · y p (q (x ) · q (y))
x . y p (q (x ) . q (y))

Example:
Uniqueness analysis with L = {⊥, 0, 1, ω}.

x � y x ≡ y

p(xg)


ω ∃m ∈ xg.m ≥ 2
1 1 ∈ xg
0 0 ∈ xg
⊥ otherwise

q(x)


N x ≡ ω
{0, 1} x ≡ 1
{0} x ≡ 0
∅ otherwise
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Static semantics Γ ` e : φτ

τ1 4 τ2

x : τ2
ν,1 ` x : τ1

ν var

Γ, x : (∀ ∅ . ∅ ⇒ τ)ν1,δ1 ` e : φ

ν2 · Γ ` λν2 x → e : (τν1,δ1 → φ)
ν2 abs

Γ `v e : (φ2
δ2 → φ3)

1

x : φ4
1 `� x : φ2

Γ⊕ x : φ4
δ2 ` e x : φ3

app

Γi, xj : ρij ` ei : τi
νi Γ0, xj : σ0j

ν0j ,δ0j ` e : φ

(∀ ∅ . ∅ ⇒ τi)
νi,δi = ??ν0i,δ0i ⊕ (⊕j (δj . ρji)) Γ = Γ0 ⊕ (⊕j (δj . Γj))

C = implicit left-over constraints σ0i = gen (τi
νi,δi ,C ,Γ)

Γ ` let xi =νi,δi ei in e : φ
let

Subeffecting Γ `v e : φτ

Γ ` e : τν2 ν1 v ν2

Γ `v e : τν1
sub(v)

Extension: seq Γ ` e : φτ

Γ1 `v e1 : τ1
0 Γ2 ` e2 : φ2

Γ1 ⊕ Γ2 ` seq e1 e2 : φ2

seq

Extension: datatypes Γ ` ec : φτ

Γ0 ` x : (T νl τk)ν Γi ` ci : ((T νl τk)ν,1 → φ)
1

Γ0 ⊕ (ti Γi) ` case x of ci : φ
case

data T ul αk = Ki ρij

τj
νj ,δj = ρij [νl/ul ,

τk/αk ] xj : τ ′j
νj ,1 ` xj : τj

νj

Γ, xj : (∀ ∅ . ∅ ⇒ τj)
νj ,δj ` e : φ 1 v ν

Γ ` Ki
ν xj → e : ((T νl τk)ν,1 → φ)

1
case-arm

data T ul αk = Ki ρij

φj
δj = ρij [νl/ul ,

τk/αk ] xj : φ′j
1 ` xj : φj

⊕j (xj : φ′j
δj ) ` Ki

ν xj : (T νl τk)ν
con

Extension: heap labels Γ ` ec : φτ

Γ, x : (∀ ∅ . ∅ ⇒ @K )ν1,δ1 ` (K ν xi)→ e : φ ν1 v 1 ν v 1

Γ ` x@(K ν xi)→ e : φ
case-arm-lbl

Γ1 ` K ν xi : φ Γ2 `v x : (@K )1

Γ1 ⊕ Γ2 ` x@(K ν xi) : φ
con-lbl
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Operational semantics must verify the annotations: during execution none of the
thunk annotations may go below zero and after execution all thunk annotation
must permit zero use. Operational semantics must also use heap recycling and

update avoidance.

Operational semantics 〈H; e; S〉� 〈H; e; S〉

ν 	 use (S) 6≡ ⊥ δ 	 1 6≡ ⊥
〈H, x =ν,δ e; x ; S〉� 〈H; e; #ν	use (S),δ	1 x ,S〉

var

1 v ν
〈H;λν x1 → e; [·] x2,S〉� 〈H; e [x2/x1 ]; S〉

abs

〈H; e x ; S〉� 〈H; e; [·] x ,S〉
app

fresh yi φ = [yi/xi ]

〈H; let xi =νi,δi ei in e; S〉� 〈H, yi =νi,δi ei [φ ]; e [φ]; S〉
let

ν1 	 ν2 6≡ ⊥
〈H; V ν1 ; #ν2,δ2 x ,S〉� 〈H, x =ν2,δ2 V ν2 ; V ν1	ν2 ; S〉

update

〈H; seq e1 e2; S〉� 〈H; e1; seq [·] e2,S〉
seq1

0 v ν
〈H; V ν ; seq [·] e,S〉� 〈H; e; S〉

seq2

〈H; case x of ci; S〉� 〈H; x ; case x@[·] of ci,S〉
case

1 v ν ki = Ki ν yj

〈H;Ki ν xj ; case x@[·] of ki → ei,S〉� 〈H; ei [xj/yj ]; S〉
con1

1 ≡ ν ki = y@(Ki ν yj)

〈H, x =0,0 V ;Ki ν xj ; case x@[·] of ki → ei,S〉� 〈H, x =?? V ; ei [xj/yj ,
x/y ]; S〉

con2

〈H, x =ν1,δ1 e; x@(K ν2 xj); S〉� 〈H, x =ν2,δ1 K ν2 xj ; K ν2 xj ; S〉
lbl
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Evaluating to values H1; e ⇓n H2; v

H (x ) ∈ v

H; x ⇓0 H;H (x )
VarValueValue

H1 (x ) ∈ e− v H1;H1 (x ) ⇓n H2; v

H1; x ⇓n H2, x = v ; v
VarTermValue

H;λx → e ⇓0 H;λx → e
AbsValue

H1; e1 ⇓n1 H2;λx1 → e3

H2; e2 ⇑n2 H3;x2 H3; e3 [x2/x1 ] ⇓n3 H4;x3

H1; e1 e2 ⇓n1+n2+n3 H4;x3
AppValue

fresh yi φ = [yi/xi ] H1, yi = ei [φ ]; e [φ ] ⇓n H2; x

H1; let xi = ei in e ⇓n+#xi H2; x
LetValue

i ∈ {1 . . . n} Hi; ei ⇑ni Hi+1;xi

H1; K ei ⇓∑ ni
Hn+1; K xi

ConValue

H1; e ⇓n H2; v

H1; x@e ⇓n H2; v
LblValue

H1; e ⇓n1 H2;Ki xij H2; ei [xij/yij ] ⇓n2 H3; v

H1; case e of Ki yij → ei ⇓n1+n2 H3; v
NormalCaseValue

H1; e ⇑n1 H2; x

H2 (x ) = Ki xij H2; ei [xij/yij ,
x/yi ] ⇓n2 H3; v

H1; case e of yi@(Ki yij)→ ei ⇓n1+n2 H3; v
UpdateCaseValue

Figure 1: Heap recycling - operational semantics part 1
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Evaluating to heap locations H1; e ⇑n H2; x

H1; x ⇓n H2; v

H1; x ⇑n H2; x
VarHeap

fresh x2

H;λx1 → e ⇑1 H,x2 = λx1 → e;x2
AbsHeap

H1; e1 ⇓n1 H2;λx1 → e3

H2; e2 ⇑n2 H3;x2 H3; e3 [x2/x1 ] ⇑n3 H4;x3

H1; e1 e2 ⇑n1+n2+n3 H4;x3
AppHeap

fresh yi φ = [yi/xi ] H1, yi = ei [φ]; e [φ ] ⇑n H2; x

H1; let xi = ei in e ⇑n+#xi H2; x
LetHeap

fresh x H1; K ei ⇓n H2; K xi

H1; K ei ⇑n+1 H2, x = K xi; x
ConHeap

H1; e ⇓n H2; v

H1; x@e ⇑n H2, x = v ; x
LblHeap

H1; e ⇓n1 H2;Ki xij H2; ei [xij/yij ] ⇑n2 H3; x

H1; case e of Ki yij → ei ⇑n1+n2 H3; x
NormalCaseHeap

H1; e ⇑n1 H2; x

H2 (x ) = Ki xij H2; ei [xij/yij ,
x/yi ] ⇑n2 H3; z

H1; case e of yi@(Ki yij)→ ei ⇑n1+n2 H3; z
UpdateCaseHeap

Figure 2: Heap recycling - operational semantics part 2

The following code recycles all the heap for any given list using the operational
semantics from figures 1 and 2. A proper static semantics is still required.

id = λxs → case xs of
h@Nil → h@Nil
h@(Cons y ys)→ h@(Cons y (id ys))

However, this code is not allowed in [Hage and Holdermans(2008)]. The closest in
can come to a similar function is the following code:

id = λxs → case xs of
Nil → Nil
Cons y ys → let r = id ys in (λx → x ) (xs@(Cons y r))

However, this function does one allocation for every Cons cell (the let). Also, the
constructs needed to achieve this seem to be a little verbose.
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