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make any judgments on whose well‑being ma�ers more,
sidesteps equity and fairness and focuses on efficiency

Big draw back of Pareto op�mality is that some seemingly undesirable
outcomes can be Pareto op�mal
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Second Welfare Theorem: If markets are perfectly compe��ve and complete,
then any Pareto op�mal alloca�on can be supported by a decentralized price
system and lump sum taxes and transfers
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by the welfare theorems are not
usually met, especially in environmental economics

Why?
5 / 43

Externali�es

Most environmental goods have no market or price

6 / 43

Externali�es

Most environmental goods have no market or price

There is no price for noise, air pollu�on, water pollu�on, biodiversity, etc

6 / 43

Externali�es

Most environmental goods have no market or price

There is no price for noise, air pollu�on, water pollu�on, biodiversity, etc

Why?

6 / 43

Externali�es

Most environmental goods have no market or price

There is no price for noise, air pollu�on, water pollu�on, biodiversity, etc

Why?

Generally because property rights are not well‑defined: does a factory have
the right to pollute or do you have the right to clean air?

6 / 43

Externali�es

Most environmental goods have no market or price

There is no price for noise, air pollu�on, water pollu�on, biodiversity, etc

Why?

Generally because property rights are not well‑defined: does a factory have
the right to pollute or do you have the right to clean air?

There are not complete markets!
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B,
without an offer of compensa�on or 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on A's well‑being.

A cri�cal aspect of this is that it must be a real variable:

Pollu�on, noise, etc

Not changes in wages or prices of regular market goods
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(non‑excludability).

Non‑excludability causes problems for the welfare theorems: how are
decentralized price systems suppose to work if anyone can enjoy the good
whenever they want without having to pay?

This is the free rider problem
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Our beginning model

Lets start building our model of the economy

Suppose there is:

Two people
A dirty good
A clean good
Labor as the only factor (input) of produc�on
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Define each person  's u�lity as   for 

 is consump�on of the dirty good,

 is consump�on of the clean good,

and   is the level of pollu�on emissions

i Ui(xi, zi,E) i = 1, 2

xi

zi

E
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Produc�on of   causes the emissions 

We can define produc�on of x as:   where   and 

Emissions are defined as an input, so if you want less emissions you will
produce less because 

x E

x = f(lx,E) fl > 0 fE > 0

fE > 0

We could equivalently define emissions as a joint product but the input setup is cleaner.
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only uses labor: 

Labor can be measured in terms of hours and there is only so many hours
that can be worked   such that 

This is all we need for the model, now we just need to set it up, and define
two terms

z z = g(lz)

l lx + lz = l
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how 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individual 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off 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of two different
goods and is defined as:

It tells us how many units of   person 1 is willing to give up to get 1 more
unit of 

It is just the slope of an indifference curve

MRSxz
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derive 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for a Pareto 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alloca�on of resources

How do 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do 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By just following the defini�on of Pareto op�mality:

We find the alloca�ons of consump�on, labor, and pollu�on, that maximizes
one person's u�lity while making the other person no worse off than some
(arbitrary) benchmark

While also sa�sfying technology (produc�on) and endowment (labor)
constraints
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Pareto op�mality

The problem is given by:

We are maximizing person 1's u�lity subject to (1) keeping person 2s u�lity
at least some level, (2,3) produc�on constraints, (4) total labor alloca�on

max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1,E) subject to:

U2(x2, z2,E) ≥ ū2

f(lx,E) = x1 + x2

g(lz) = z1 + z2

l = lx + lz

(1)

(2)

(3)

(4)
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Pareto op�mality

The problem is given by:

We are maximizing person 1's u�lity subject to (1) keeping person 2s u�lity
at least some level, (2,3) produc�on constraints, (4) total labor alloca�on

Now let's look at the Lagrangian

max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1,E) subject to:

U2(x2, z2,E) ≥ ū2

f(lx,E) = x1 + x2

g(lz) = z1 + z2

l = lx + lz

(1)

(2)

(3)

(4)
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Pareto op�mality

The Lagrangian is given by:

L = max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1,E)

+ λu[U2(x2, z2,E) − ū2]

+ λx[f(lx,E) − x1 − x2]

+ λz[g(lz) − z1 − z2]

+ λl[l − lx − lz]
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Pareto op�mality

The Lagrangian is given by:

Now let's look at the FOCs

L = max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1,E)

+ λu[U2(x2, z2,E) − ū2]

+ λx[f(lx,E) − x1 − x2]

+ λz[g(lz) − z1 − z2]

+ λl[l − lx − lz]
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Pareto op�mality: Problem

max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1,E)

+ λu[U2(x2, z2,E) − ū2]

+ λx[f(lx,E) − x1 − x2]

+ λz[g(lz) − z1 − z2]

+ λl[l − lx − lz]
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Pareto op�mality: Consump�on FOCs

and

Marginal u�lity equals the shadow price of the good

= λx, = λz
∂U1

∂x1

∂U1

∂z1

λu = λx, λu = λz
∂U2

∂x2

∂U2

∂z2
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Pareto op�mality: Labor FOCs

The marginal product of labor equals the shadow price of labor

λx = λl, λz = λl
∂f

∂lx

∂g

∂lz
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Pareto op�mality: Emissions FOC

The marginal u�lity cost of emissions equals the marginal product of
emissions

− [ + λu ] = λx
∂U1

∂E

∂U2

∂E

∂f

∂E
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Consump�on efficiency

The consump�on FOCs give us efficiency in consump�on:

Efficiency in consump�on requires that the marginal rate of subs�tu�on
(MRS) between individuals is equal (i.e. the slopes of their indifference curves
are equal)

MRSxz
1 ≡ / = λx/λz = / ≡ MRSxz

2

∂U1

∂x1

∂U1

∂z1

∂U2

∂x2

∂U2

∂z2
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Exchange efficiency

The consump�on and labor supply FOCs give us

MRSs must equal the marginal rate of transforma�on (MRT)

The slope of the indifference curves must equal the slope of the produc�on
possibility fron�er

MRSxz
i ≡ / = λx/λz = / ≡ MRT xz∂Ui

∂xi

∂Ui

∂zi

∂g

∂lz

∂f

∂lx
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Emissions efficiency

Subs�tute in the consump�on FOCs to obtain a new expression for
emissions efficiency:

The marginal product of emissions must equal the sum of the marginal rates
of subs�tu�on of between   and   across both individuals

MRSEx
1 + MRSEx

2 ≡ − / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E

x E
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General Intui�on

We can understand (prove) why these condi�ons need to be met by
considering cases when they are not met

For any case where the three efficiency condi�ons are not met, we can show
there exists a possible Pareto improvement   the condi�ons must be met
for Pareto op�mality

A Pareto improvement is a realloca�on of resources that makes at
least one person be�er off without making anyone else worse off

→
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Consump�on Efficiency

Suppose Ann's MRS is 2, and Bob's MRS is 4, the MRSs tell us that:
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Consump�on 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Suppose Ann's MRS is 2, and Bob's MRS is 4, the MRSs tell us that:

Ann is willing to give up 2 units of   for 1 more unit of 

Bob is willing to give up 4 units of   for 1 more unit of 

If Bob gives Ann 3 units of   in exchange for   unit of  , both are be�er off

Bob was willing to give up 4 units, Ann was willing to accept 2 units   both
are 1 unit of   be�er off

z x

z x

z 1 x

→

z
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:MRSxz MRT xz
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:

The consumer is willing to give up 1 unit of   for 1 unit of 

MRSxz MRT xz

x z
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:

The consumer is willing to give up 1 unit of   for 1 unit of 

If we move labor from producing   to   we can get 3 units of   for 1 unit
of 

MRSxz MRT xz

x z

x z z

x
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:

The consumer is willing to give up 1 unit of   for 1 unit of 

If we move labor from producing   to   we can get 3 units of   for 1 unit
of 

If we give up 1 unit of  , we get 3 units of   the consumer gets 2 more
units of   than they needed to be be�er off

MRSxz MRT xz

x z

x z z

x

x z →

z
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Emissions Efficiency

Suppose   +   and  , these condi�ons tell us that:MRSEx
1 MRSEx

2 = 3 = 4
∂f
∂E
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Emissions Efficiency

Suppose   +   and  , these condi�ons tell us that:

The total cost to both consumers of 1 more unit of   in terms of units of 
is 3

MRSEx
1 MRSEx

2 = 3 = 4
∂f
∂E

E x
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Emissions Efficiency

Suppose   +   and  , these condi�ons tell us that:

The total cost to both consumers of 1 more unit of   in terms of units of 
is 3

1 more unit of   gets us 4 more units of 

If we increase   by 1 unit, the benefits (4) outweigh the costs (3), we can
make the consumers be�er off

MRSEx
1 MRSEx

2 = 3 = 4
∂f
∂E

E x

E x

E
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Compe��ve markets

We now know the necessary condi�ons for a Pareto alloca�on, which serves
as a useful baseline
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We now know the necessary condi�ons for a Pareto alloca�on, which serves
as a useful baseline

Now we can ask whether free markets can achieve the Pareto op�mal
outcome

In the free market:

Consumers take the price of goods as given
Firms take the price of inputs as given

29 / 43

Compe��ve markets

Let   and   be the prices of   and px pz x z
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Compe��ve markets

Let   and   be the prices of   and 

Let   be the wage paid to labor

px pz x z

w
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Compe��ve markets

Let   and   be the prices of   and 

Let   be the wage paid to labor

Let   be income for person 

Each person maximizes their u�lity

Each firm maximizes profit

px pz x z

w

yi i

30 / 43

Compe��ve markets

The u�lity maximiza�on problem is:

max
xi,zi

Ui(xi, zi,E) subject to: yi = pxxi + pzzi
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Compe��ve markets

The u�lity maximiza�on problem is:

The Lagrangian is

max
xi,zi

Ui(xi, zi,E) subject to: yi = pxxi + pzzi

max
xi,zi

Ui(xi, zi,E) + λi[yi − pxxi − pzzi]
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Compe��ve markets

The u�lity maximiza�on problem is:

The Lagrangian is

with first‑order condi�ons:

max
xi,zi

Ui(xi, zi,E) subject to: yi = pxxi + pzzi

max
xi,zi

Ui(xi, zi,E) + λi[yi − pxxi − pzzi]

= λipx, = λipz
∂Ui

∂xi

∂Ui

∂zi
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Compe��ve markets

The profit maximiza�on problems for firms producing   and   are:z x

max
lz

pzg(lz) − wlz, max
lx,E

pxf(lx,E) − wlx
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Compe��ve markets

The profit maximiza�on problems for firms producing   and   are:

This gives us the FOCs for the firm producing x:

and the firm producing z

z x

max
lz

pzg(lz) − wlz, max
lx,E

pxf(lx,E) − wlx

px = w px = 0
∂f

∂lx

∂f

∂E

pz = w
∂g

∂lz
32 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43

Compe��ve markets: Consump�on

The consump�on first‑order condi�ons:

give us:

= λipx, = λipz
∂Ui

∂xi

∂Ui

∂zi
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Compe��ve markets: Consump�on

The consump�on first‑order condi�ons:

give us:

= λipx, = λipz
∂Ui

∂xi

∂Ui

∂zi

/ = px/pz = /
∂U1

∂x1

∂U1

∂z1

∂U2

∂x2

∂U2

∂z2
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Compe��ve markets: Consump�on

The consump�on first‑order condi�ons:

give us:

The equal MRS condi�on for efficiency in consump�on is met

= λipx, = λipz
∂Ui

∂xi

∂Ui

∂zi

/ = px/pz = /
∂U1

∂x1

∂U1

∂z1

∂U2

∂x2

∂U2

∂z2
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Compe��ve markets: Exchange

Combining the consump�on and labor FOCs gives us that:
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Compe��ve markets: Exchange

Combining the consump�on and labor FOCs gives us that:

The MRS=MRT exchange efficiency condi�on is met

/ = px/pz = /
∂Ui

∂xi

∂Ui

∂zi

∂g

∂lz

∂f

∂lx
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Compe��ve markets: Emissions

The efficiency condi�on for emissions:

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E
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Compe��ve markets: Emissions

The efficiency condi�on for emissions:

is not met!

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E
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Compe��ve markets: Emissions

The efficiency condi�on for emissions:

is not met!

The free market provides no incen�ve for the firm to treat   as scarce or to
account for its impact on consumers: the firm faces a price on pollu�on of 0

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E

E
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Market interven�on

Much of environmental economics is about designing policy to correct
market failures

36 / 43

Market interven�on

Much of environmental economics is about designing policy to correct
market failures

The intellectual star�ng point comes from Pigou: that externali�es can be
corrected by imposing a fee on emissions

36 / 43

Market interven�on

Much of environmental economics is about designing policy to correct
market failures

The intellectual star�ng point comes from Pigou: that externali�es can be
corrected by imposing a fee on emissions

Suppose a firm now has to pay a fee   per unit of emissions, can we achieve
the op�mal outcome?

τ ∗
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Emissions taxa�on

The firm's problem is now:

with first‑order condi�ons:

max
lx,E

pxf(lx,E) − wlz − τ ∗E

px = w, px = τ ∗∂f

∂lx

∂f
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with first‑order condi�ons:

Is there a fee that can sa�sfy the emissions efficiency condi�on achieve the
Pareto op�mal outcome?
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Emissions taxa�on: Condi�ons

Recall the firm's FOC is:

and the emissions efficiency condi�on is:

px = τ ∗∂f

∂E

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2
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∂f
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Emissions taxa�on: Solu�on

No�ce that if you mul�ply the right hand side of the emissions efficiency
condi�on by  , it is equal to the le� hand side of the firm FOC

The Pareto op�mal tax is thus:

This tax can thus make the firm's profit‑maximizing condi�on consistent with
Pareto op�mality

px

τ ∗ = −px [ / + / ]
∂U1

∂E

∂U1

∂x1
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Emissions taxa�on

There are two parts to the intui�on for the tax:

τ ∗ = −px [ / + / ]
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Emissions taxa�on

There are two parts to the intui�on for the tax:

1.   tells us how much total   we need in order to

compensate both consumers for an addi�onal unit of   and keep their
u�li�es constant
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1.   tells us how much total   we need in order to

compensate both consumers for an addi�onal unit of   and keep their
u�li�es constant

2.   tells us the dollar value of this much 

The tax is the marginal u�lity cost of emissions in dollar terms
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Emissions taxa�on

The tax depends on marginal u�lity of consump�on, this implies two things:
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Emissions 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The 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distribu�on of 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2. The 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depends on 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in 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u�lity of consump�on, this implies two things:

1. The tax depends on the distribu�on of income
2. The tax depends on the distribu�on of endowments in general (e.g.
income, labor)

Changes in income or factor endowments will therefore change the level of
the Pareto op�mal tax!
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is the individual

marginal u�lity cost of emissions

 is the value of marginal
product of emissions (VMP)

At a Pareto op�mum the sum of
MUCs must be equal to the VMP

MC of emissions must equal MB

Graphical emissions taxa�on

−px [ / ]∂Ui
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Let abatement   be how much we
reduce emissions below baseline: 

 is the individual

marginal u�lity benefit

 is the marginal cost of
abatement

Graphical emissions taxa�on: abatement

A∗

A∗ = Ē − E∗
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Lecture 2
Theory of externali�es

Ivan Rudik
AEM 6510



Before diving into environmental
econ we need some defini�ons

The norma�ve criterion we use to
judge the desirability of economic
outcomes is called Pareto
op�mality

The welfare‑theore�c basis
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The welfare‑theore�c basis

An economic outcome is said to be Pareto op�mal if a realloca�on
of resources cannot make at least one person be�er off without
making another person worse off
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at least 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without
making another person worse off

Is there a way to make everyone weakly be�er off? If not, then we have a
Pareto op�mal alloca�on of resources

This does not make any judgments on whose well‑being ma�ers more,
sidesteps equity and fairness and focuses on efficiency

Big draw back of Pareto op�mality is that some seemingly undesirable
outcomes can be Pareto op�mal
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The welfare‑theore�c basis

Pareto op�mal is central to the first and second welfare theorems of
economics:
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central 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the first and 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theorems of
economics:

First Welfare Theorem: If markets are perfectly compe��ve and complete,
then a decentralized price system will deliver a Pareto op�mal alloca�on

Second Welfare Theorem: If markets are perfectly compe��ve and complete,
then any Pareto op�mal alloca�on can be supported by a decentralized price
system and lump sum taxes and transfers
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The welfare‑theore�c basis

The welfare theorems' appeal is pre�y clear: if the condi�ons are met we
can have the largest economic pie (efficiency) simply by le�ng the free
market func�on
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free
market func�on

If we 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in 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under the free market, we
can simply (lump sum) transfer income to adjust the distribu�on and s�ll have
efficiency

Unfortunately the condi�ons required by the welfare theorems are not
usually met, especially in environmental economics

Why?
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rights are not well‑defined: does a factory have
the right to pollute or do you have the right to clean 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Why?

Generally because property rights are not well‑defined: does a factory have
the right to pollute or do you have the right to clean air?

There are not complete markets!
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exists when 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A's u�lity or 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func�on
depends directly on real variables chosen by another 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B,
without an offer of 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or 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given to the
effect on A's well‑being.
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externality exists when agent A's u�lity or produc�on func�on
depends directly on real variables chosen by another agent B,
without an offer of compensa�on or other a�en�on given to the
effect on A's well‑being.

A cri�cal aspect of this is that it must be a real variable:

Pollu�on, noise, etc

Not changes in wages or prices of regular market goods
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goods

Another concept closely related to externali�es is public goods
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is a 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that is non‑rival and non‑excludable. The
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can be simultaenously enjoyed by 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people (non‑rivalry),
and none of these 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can be prevented 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enjoying the 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(non‑excludability).
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for the welfare theorems: how are
decentralized price systems suppose to work if anyone can enjoy the 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whenever they 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without having to 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A public good is a good that is non‑rival and non‑excludable. The
good can be simultaenously enjoyed by several people (non‑rivalry),
and none of these people can be prevented from enjoying the good
(non‑excludability).

Non‑excludability causes problems for the welfare theorems: how are
decentralized price systems suppose to work if anyone can enjoy the good
whenever they want without having to pay?

This is the free rider problem
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Our beginning model

Lets start building our model of the economy

Suppose there is:

Two people
A dirty good
A clean good
Labor as the only factor (input) of produc�on
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Our beginning model

Define each person 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u�lity as   for i Ui(xi, zi,E) i = 1, 2
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Our beginning model

Define each person  's u�lity as   for 

 is consump�on of the dirty good,

 is consump�on of the clean good,

and   is the level of pollu�on emissions

i Ui(xi, zi,E) i = 1, 2

xi

zi

E
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Our beginning model

Produc�on of   causes the emissions x E
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Our beginning model

Produc�on of   causes the emissions 

We can define produc�on of x as:   where   and 

x E

x = f(lx,E) fl > 0 fE > 0
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Our beginning model

Produc�on of   causes the emissions 

We can define produc�on of x as:   where   and 

Emissions are defined as an input, so if you want less emissions you will
produce less because 

x E

x = f(lx,E) fl > 0 fE > 0

fE > 0

We could equivalently define emissions as a joint product but the input setup is cleaner.
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Our beginning model

Produc�on of the clean good   only uses labor: z z = g(lz)
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Our beginning model

Produc�on of the clean good   only uses labor: 

Labor can be measured in terms of hours and there is only so many hours
that can be worked   such that 

z z = g(lz)

l lx + lz = l
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Our beginning model

Produc�on of the clean good   only uses labor: 

Labor can be measured in terms of hours and there is only so many hours
that can be worked   such that 

This is all we need for the model, now we just need to set it up, and define
two terms

z z = g(lz)

l lx + lz = l
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Consump�on trade offs

A key piece of economics is the marginal rate of subs�tu�on (MRS)
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Consump�on trade offs

A key piece of economics is the marginal rate of subs�tu�on (MRS)

The MRS tells us how an individual trades off consump�on of two different
goods and is defined as:

MRSxz

1 ≡ / ≡ dz1/dx1
∂U1

∂x1

∂U1

∂z1
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how an individual 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off 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different
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and is defined as:
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tells us how many units 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Consump�on trade offs

A key piece of economics is the marginal rate of subs�tu�on (MRS)

The MRS tells us how an individual trades off consump�on of two different
goods and is defined as:

It tells us how many units of   person 1 is willing to give up to get 1 more
unit of 

It is just the slope of an indifference curve

MRSxz

1 ≡ / ≡ dz1/dx1
∂U1

∂x1

∂U1

∂z1

z

x
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Produc�on trade offs

Another key piece of economics is the marginal rate of transforma�on
(MRT)
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Produc�on trade offs

Another key piece of economics is the marginal rate of transforma�on
(MRT)

The MRT tells us how a firm trades off produc�on of two different goods and
is defined as:

MRT xz
1 ≡ / ≡ MRT ≡ dz/dx

∂g

∂lz

∂f
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defined 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how many units of 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key piece of economics is the marginal rate of transforma�on
(MRT)

The MRT tells us how a firm trades off produc�on of two different goods and
is defined as:

It tells us how many units of   the firm has to give up to produce 1 more unit
of 

It is just the slope of the produc�on possibility fron�er

MRT xz
1 ≡ / ≡ MRT ≡ dz/dx

∂g

∂lz

∂f

∂lx

z

x
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Pareto op�mality

First lets derive the condi�ons for a Pareto op�mal alloca�on of resources

15 / 43



Pareto op�mality
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do we do this?
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resources

How do we do this?

By just following the defini�on of Pareto op�mality:

We find the alloca�ons of consump�on, labor, and pollu�on, that maximizes
one person's u�lity while making the other person no worse off than some
(arbitrary) benchmark
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First lets derive the condi�ons for a Pareto op�mal alloca�on of resources

How do we do this?

By just following the defini�on of Pareto op�mality:

We find the alloca�ons of consump�on, labor, and pollu�on, that maximizes
one person's u�lity while making the other person no worse off than some
(arbitrary) benchmark

While also sa�sfying technology (produc�on) and endowment (labor)
constraints
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Pareto op�mality

The problem is given by:

We are maximizing person 1's u�lity subject to (1) keeping person 2s u�lity
at least some level, (2,3) produc�on constraints, (4) total labor alloca�on

max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1, E) subject to:

U2(x2, z2, E) ≥ ū2

f(lx, E) = x1 + x2

g(lz) = z1 + z2

l = lx + lz

(1)

(2)

(3)

(4)
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by:
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subject to (1) keeping person 2s u�lity
at least some level, (2,3) produc�on constraints, (4) total labor alloca�on

Now let's look at the Lagrangian
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Pareto op�mality

The Lagrangian is given by:

L = max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1, E)

+ λu[U2(x2, z2, E) − ū2]

+ λx[f(lx, E) − x1 − x2]

+ λz[g(lz) − z1 − z2]

+ λl[l − lx − lz]
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Pareto op�mality

The Lagrangian is given by:

Now let's look at the FOCs

L = max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1, E)

+ λu[U2(x2, z2, E) − ū2]

+ λx[f(lx, E) − x1 − x2]

+ λz[g(lz) − z1 − z2]

+ λl[l − lx − lz]
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Pareto op�mality: Problem

max
x1,x2,z1,z2,lx,lz,E

U1(x1, z1, E)

+ λu[U2(x2, z2, E) − ū2]

+ λx[f(lx, E) − x1 − x2]

+ λz[g(lz) − z1 − z2]

+ λl[l − lx − lz]
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Pareto op�mality: Consump�on FOCs

and

Marginal u�lity equals the shadow price of the good

= λx, = λz

∂U1

∂x1

∂U1

∂z1

λu = λx, λu = λz

∂U2

∂x2

∂U2

∂z2

19 / 43



Pareto op�mality: Labor FOCs

The marginal product of labor equals the shadow price of labor

λx = λl, λz = λl
∂f

∂lx

∂g

∂lz
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Pareto op�mality: Emissions FOC

The marginal u�lity cost of emissions equals the marginal product of
emissions

− [ + λu ] = λx
∂U1

∂E

∂U2

∂E

∂f

∂E
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Consump�on efficiency

The consump�on FOCs give us efficiency in consump�on:

Efficiency in consump�on requires that the marginal rate of subs�tu�on
(MRS) between individuals is equal (i.e. the slopes of their indifference curves
are equal)

MRSxz

1 ≡ / = λx/λz = / ≡ MRSxz

2

∂U1

∂x1

∂U1

∂z1

∂U2

∂x2

∂U2

∂z2
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Exchange efficiency

The consump�on and labor supply FOCs give us

MRSs must equal the marginal rate of transforma�on (MRT)

The slope of the indifference curves must equal the slope of the produc�on
possibility fron�er

MRSxz
i

≡ / = λx/λz = / ≡ MRT xz∂Ui

∂xi

∂Ui

∂zi

∂g

∂lz

∂f

∂lx
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Emissions efficiency

Subs�tute in the consump�on FOCs to obtain a new expression for
emissions efficiency:

The marginal product of emissions must equal the sum of the marginal rates
of subs�tu�on of between   and   across both individuals

MRSEx
1

+ MRSEx
2

≡ − / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E

x E
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General Intui�on

We can understand (prove) why these condi�ons need to be met by
considering cases when they are not met

For any case where the three efficiency condi�ons are not met, we can show
there exists a possible Pareto improvement   the condi�ons must be met
for Pareto op�mality

A Pareto improvement is a realloca�on of resources that makes at
least one person be�er off without making anyone else worse off

→
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Consump�on Efficiency

Suppose Ann's MRS is 2, and Bob's MRS is 4, the MRSs tell us that:
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units 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off

z x

z x
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Consump�on Efficiency

Suppose Ann's MRS is 2, and Bob's MRS is 4, the MRSs tell us that:

Ann is willing to give up 2 units of   for 1 more unit of 

Bob is willing to give up 4 units of   for 1 more unit of 

If Bob gives Ann 3 units of   in exchange for   unit of  , both are be�er off

Bob was willing to give up 4 units, Ann was willing to accept 2 units   both
are 1 unit of   be�er off

z x

z x

z 1 x

→

z
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:MRSxz MRT xz
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:

The consumer is willing to give up 1 unit of   for 1 unit of 

MRSxz MRT xz

x z
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:

The consumer is willing to give up 1 unit of   for 1 unit of 

If we move labor from producing   to   we can get 3 units of   for 1 unit
of 

MRSxz MRT xz

x z

x z z

x
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Exchange Efficiency

Suppose   is 1 and   is 3, the MRS and MRT tell us that:

The consumer is willing to give up 1 unit of   for 1 unit of 

If we move labor from producing   to   we can get 3 units of   for 1 unit
of 

If we give up 1 unit of  , we get 3 units of   the consumer gets 2 more
units of   than they needed to be be�er off

MRSxz MRT xz

x z

x z z

x

x z →

z
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Emissions Efficiency

Suppose   +   and  , these condi�ons tell us that:MRS
Ex
1 MRS

Ex
2 = 3 = 4

∂f

∂E
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Emissions Efficiency

Suppose   +   and  , these condi�ons tell us that:

The total cost to both consumers of 1 more unit of   in terms of units of 
is 3

MRS
Ex
1 MRS

Ex
2 = 3 = 4

∂f

∂E

E x
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Emissions Efficiency

Suppose   +   and  , these condi�ons tell us that:

The total cost to both consumers of 1 more unit of   in terms of units of 
is 3

1 more unit of   gets us 4 more units of 

If we increase   by 1 unit, the benefits (4) outweigh the costs (3), we can
make the consumers be�er off

MRS
Ex
1 MRS

Ex
2 = 3 = 4

∂f

∂E

E x

E x

E
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Compe��ve markets

We now know the necessary condi�ons for a Pareto alloca�on, which serves
as a useful baseline
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We now know the necessary condi�ons for a Pareto alloca�on, which serves
as a useful baseline

Now we can ask whether free markets can achieve the Pareto op�mal
outcome

In the free market:

Consumers take the price of goods as given
Firms take the price of inputs as given
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Compe��ve markets

Let   and   be the prices of   and px pz x z
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Compe��ve markets

Let   and   be the prices of   and 

Let   be the wage paid to labor

Let   be income for person 

Each person maximizes their u�lity

Each firm maximizes profit

px pz x z

w

yi i
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Compe��ve markets

The u�lity maximiza�on problem is:

max
xi,zi

Ui(xi, zi, E) subject to: yi = pxxi + pzzi
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Compe��ve markets

The u�lity maximiza�on problem is:

The Lagrangian is

max
xi,zi

Ui(xi, zi, E) subject to: yi = pxxi + pzzi

max
xi,zi

Ui(xi, zi, E) + λi[yi − pxxi − pzzi]
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Compe��ve markets

The u�lity maximiza�on problem is:

The Lagrangian is

with first‑order condi�ons:

max
xi,zi

Ui(xi, zi, E) subject to: yi = pxxi + pzzi

max
xi,zi

Ui(xi, zi, E) + λi[yi − pxxi − pzzi]

= λipx, = λipz
∂Ui

∂xi

∂Ui

∂zi
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Compe��ve markets

The profit maximiza�on problems for firms producing   and   are:z x

max
lz

pzg(lz) − wlz, max
lx,E

pxf(lx, E) − wlx
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Compe��ve markets

The profit maximiza�on problems for firms producing   and   are:

This gives us the FOCs for the firm producing x:

and the firm producing z

z x

max
lz

pzg(lz) − wlz, max
lx,E

pxf(lx, E) − wlx

px = w px = 0
∂f

∂lx

∂f

∂E

pz = w
∂g

∂lz
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Compe��ve markets: Consump�on

The consump�on first‑order condi�ons:

give us:

= λipx, = λipz

∂Ui

∂xi

∂Ui

∂zi
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The consump�on first‑order condi�ons:

give us:

= λipx, = λipz

∂Ui

∂xi

∂Ui

∂zi

/ = px/pz = /
∂U1

∂x1

∂U1

∂z1

∂U2

∂x2

∂U2

∂z2
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Compe��ve markets: Consump�on

The consump�on first‑order condi�ons:

give us:

The equal MRS condi�on for efficiency in consump�on is met

= λipx, = λipz

∂Ui

∂xi

∂Ui

∂zi

/ = px/pz = /
∂U1

∂x1

∂U1

∂z1

∂U2

∂x2

∂U2

∂z2
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Compe��ve markets: Exchange

Combining the consump�on and labor FOCs gives us that:
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/ = px/pz = /
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Compe��ve markets: Exchange

Combining the consump�on and labor FOCs gives us that:

The MRS=MRT exchange efficiency condi�on is met

/ = px/pz = /
∂Ui

∂xi

∂Ui

∂zi

∂g

∂lz

∂f

∂lx
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Compe��ve markets: Emissions

The efficiency condi�on for emissions:

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E
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efficiency condi�on for emissions:

is not met!

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E

35 / 43



Compe��ve markets: Emissions

The efficiency condi�on for emissions:

is not met!

The free market provides no incen�ve for the firm to treat   as scarce or to
account for its impact on consumers: the firm faces a price on pollu�on of 0

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E

E
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Market interven�on

Much of environmental economics is about designing policy to correct
market failures
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Market interven�on

Much of environmental economics is about designing policy to correct
market failures

The intellectual star�ng point comes from Pigou: that externali�es can be
corrected by imposing a fee on emissions

Suppose a firm now has to pay a fee   per unit of emissions, can we achieve
the op�mal outcome?

τ
∗
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Emissions taxa�on

The firm's problem is now:

with first‑order condi�ons:

max
lx,E

pxf(lx, E) − wlz − τ ∗E

px = w, px = τ ∗∂f

∂lx

∂f

∂E
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Emissions taxa�on

The firm's problem is now:

with first‑order condi�ons:

Is there a fee that can sa�sfy the emissions efficiency condi�on achieve the
Pareto op�mal outcome?

max
lx,E

pxf(lx, E) − wlz − τ ∗E

px = w, px = τ ∗∂f

∂lx

∂f

∂E
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Emissions taxa�on: Condi�ons

Recall the firm's FOC is:

and the emissions efficiency condi�on is:

px = τ ∗∂f

∂E

− / − / =
∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

∂f

∂E
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Emissions taxa�on: Solu�on

No�ce that if you mul�ply the right hand side of the emissions efficiency
condi�on by  , it is equal to the le� hand side of the firm FOC

The Pareto op�mal tax is thus:

This tax can thus make the firm's profit‑maximizing condi�on consistent with
Pareto op�mality

px

τ ∗
= −px [ / + / ]

∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2
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Emissions taxa�on

There are two parts to the intui�on for the tax:

τ ∗
= −px [ / + / ]

∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2
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Emissions taxa�on

There are two parts to the intui�on for the tax:

1.   tells us how much total   we need in order to

compensate both consumers for an addi�onal unit of   and keep their
u�li�es constant

τ ∗
= −px [ / + / ]

∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

− [ / + / ]∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

x
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Emissions taxa�on

There are two parts to the intui�on for the tax:

1.   tells us how much total   we need in order to

compensate both consumers for an addi�onal unit of   and keep their
u�li�es constant

2.   tells us the dollar value of this much 

The tax is the marginal u�lity cost of emissions in dollar terms

τ ∗
= −px [ / + / ]

∂U1

∂E

∂U1

∂x1
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∂U2

∂x2
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Emissions taxa�on

The tax depends on marginal u�lity of consump�on, this implies two things:

τ ∗
= −px [ / + / ]
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Emissions taxa�on

The tax depends on marginal u�lity of consump�on, 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implies two things:

1. The tax depends on the distribu�on of income

τ ∗
= −px [ / + / ]

∂U1

∂E

∂U1

∂x1

∂U2

∂E

∂U2

∂x2

41 / 43



Emissions taxa�on

The tax depends on marginal u�lity of consump�on, this implies two things:

1. The tax depends on the distribu�on of income
2. The tax depends on the distribu�on of endowments in general (e.g.
income, labor)
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Emissions taxa�on

The tax depends on marginal u�lity of consump�on, this implies two things:

1. The tax depends on the distribu�on of income
2. The tax depends on the distribu�on of endowments in general (e.g.
income, labor)

Changes in income or factor endowments will therefore change the level of
the Pareto op�mal tax!

τ ∗
= −px [ / + / ]
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is the individual

marginal u�lity cost of emissions

 is the value of marginal
product of emissions (VMP)

At a Pareto op�mum the sum of
MUCs must be equal to the VMP

MC of emissions must equal MB

Graphical emissions taxa�on

−px [ / ]∂Ui

∂E

∂Ui

∂xi

px
∂f

∂E
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Let abatement   be how much we
reduce emissions below baseline: 

 is the individual

marginal u�lity benefit

 is the marginal cost of
abatement

Graphical emissions taxa�on: abatement

A∗

A∗ = Ē − E∗

−px [ / ]∂Ui

∂E

∂Ui

∂xi

px
∂f

∂E
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